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ABSTRACT 

Let N be the set of nonnegative integers and let < N ,+> be the 

weak direct product of < N, + > with itself. Mostowski[ 9] shows that the 

theory of < N ,+> is decidable, but his decision procedure isn't elementary 

recursive. We present here a more efficient procedure which operates 

^cn 

2 
within space 2 . As corollaries we obtain the same upper bound for the 

theory of finite abelian groups, the theory of finitely generated abelian 

groups, and the theory of the structure <N ,•> of positive integers 

under multiplication. Fischer and Rabin have shown that the theory of <n", + > 

^dn 

Z 

requires time 2 on nondeterministic Turing machines [5], 

We also obtain some very general results about the nature of the 
theory of the weak direct product of a structure with itself. 



Section 1: Introductiort 

The significance of the distinction between decidable and undecidable 
theories has been blurred by recent results of Meyer and Stockmeyer [7,8,14] 
and Fischer and Rabin [ 5 ] who have shown that most of the decidable 
theories known to logicians cannot be decided by any algorithm whose 
computational complexity grows less than exponentially with the size of 
sentences to be decided. In many cases even larger lower bounds have 
been established. In this paper we develop some decision procedures 
whose computational complexity roughly meets the lower bounds. Part of 
this development includes a treatment of the relationship between the theory 
of a structure and the theory of its weak direct product which may be of 
independent interest. 

Let N be the set of non-negative integers. Whether a sentence of 
the first order theory of N under addition is true is decidable according 
to a theorem of Presburger [12] . A more efficient decision procedure given 
by Cooper [2 ] has been proved by Oppen[lo ] to require only 

pcn 

steps for sentences of length n, where c is some constant. This result 
is strengthened by Ferrante and Rackoff[4 ], who show that space 

pCn 
2 

is sufficient; this latter theorem will also appear in this paper as a 

corollary of some more general results. 
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Let N be the set of functions from N to N of finite support, i.e., 
N = [f: N-> N I f(i)=0 for all but finitely many i € N} . The structure 
< N ,•> positive integers under multiplication is isomorphic to the 
structure < N , + > where addition is defined component wise and the first 
order theory of this structure is known to be decidable by a theorem of 
Mostowski[ 9]. Mostowski's procedure, however, is not elementary recursive 
in the sense of the following definition: 



Defintion : An elementary recursive function (on strings or integers) is 

one which can be computed by some Turing machine within time bounded by 
a fixed composition of exponential functions of the length of the input. 
(This is shown by Cobham[ 1 ] and Ritchie [13] to be equivalent to 
Kalmar's definition [cf. 11].) 

In this paper we use the technique of Ehrenfeucht games [ 3 ] to derive 
a new procedure for deciding whether sentences are true over < N , + >. 
Our procedure can be implemented on a Turing machine which uses at most 

,cn 
tape squares (and hence 

„c'n 

/ 

step^ on sentences of length n. As a corollary we obtain the same upper 
bound on decision procedures for the first order theory of finite abelian 



groups and of finitely generated abelian groups. Recent results of Fischer 
and Rabin[ 5] show that for some constant c"> 0, any decision procedure 
for the first order theory of < N , + > requires time 



,c"n 

2 
2 



even on nondeterministic Turing machines. Thus, the worst case behavior 

* 
of our procedure for < N , + > is nearly optimal in its computational 

t 
requirements. 



In section 2 we derive some very general results about theories of 
structures and their weak direct products. In section 3 we apply some 
of these results to the theories of < N,+ >, < n'', + > and abelian 
groups. (Most of the results on abelian groups are due to Mike Fischer.) 



t 



If t is a function of n, let DTIME(t) (NriME(t)) be the class of 
functions, each of which can be computed by some deterministic 
(nondeterministic) Turing machine within time t as a function of the 
length of input. It is easy to see that NTIME(t) ^ U f^ DTIME(c'^). It 

is conjectured that NTIME(t)-DTIME(2^) ^ 0. 
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Sectlon 2: Some General Development 

For this section, let £ be the language of the first order predicate 
calculus with no function symbols, with finitely many relational symbols 
^1> ^2'"'''—;' such that R. is a t, -place formal predicate for 1 ^ i :S ^, 
and a constant S3mibol e. We will denote the formal variables of £ by 
XjX^jX^,... . When we write FCx^jX^, . . . ,x, ) we will mean that F is a 
formula of £ free in at most x-, ,x„, . , , ,x, . 

For the rest of this section, let § be a fixed structure for X; 
S=<S,R^,...,R ,e> where S is a nonempty set, B.^s i for l^i^JL, and 
e€S. We will assume that we have a norm on S, by which we mean a function 
II I I : S -♦ N, and we will denote the norm of a € S by | | a | | . If i 6 N, then we 
will write a^ i to mean | | a| | s i. 

For convenience we will use a to denote the k-tuple (a^ ,a„, . . , ,a ) 
when k>0, and similarly for b^ x, , etc. (a,, a) will denote the k+1-tuple 
(^■^,3-2, • • ' ,s.,,a) , etc. When k=0, a and x, simply denote the unique 
0-tuple, i.e., the empty sequence. 

Definition : Let F be a formula of £. Then by the quantifier-depth of F, 
or q-depth(F), we will mean the depth of the deepest nesting of quantifiers 
in F. Formally, if F is an atomic formula then q-depth(F)=0; otherwise 
q-depth(F^ VF2)=Max{q-depth(F^),q-depth(F2)} , q-depth(~F)=q-depth(F) , and 
q-depth(axF ) = l+q-depth(F) . 

Definition : For all n,kGN and all a ,b, GS , define a s b iff for every 
formula F(x,) of q-depth^n, F(a,) and F(b,) are either both true or both 
false. 
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k 



Remark: For each n,k€N, = is an equivalence relation on S 

Lenma 1: Let n,k € N and Sj^.^j^ € S^ such that 

1) For each a 6S there exists some b^^ €S such that a, , , s ^, ^, 
^^'- k+1 k+1 n k+1 

and 2) For each b €S there exists some a. . €S such that a, , =t ,. 
^^^ k+1 k+1 n k+1 

Proof: Say that 1) and 2) hold. Since every formula is a boolean combnation 
of formulas each of which begins with an existential quantifier, it is 
sufficient to prove, for F(^) of the form 3x^_^^ G(^^^) where q-depth(G) ^ n, 
that F(aj^)«F(^j^). 

So assume that F(a ) holds. Then let a, ^, 6 S be such that G(a, ,) 
K k+i ^ k+1^ 

holds. By 1), let b^^^^ € S be such that \^^ = i^^^. since G(^^^p is 
true, G(b^_^p is true (by definition of = ) , so F(^j^) is true. By symmetry, 
F(aj^) holds if F(^j^) holds. D 

Definition: Let M(n,k) be the number of equivalence classes of = restricted 

k " 

to S*". 

Lemma 2: Let n,k€N. Then M(n,k) is finite and for all a, 6 S^ there is 

k 

a Formula F(x^) of q-depth n such that for all t, € S^, F(^ ) o ^ = a 
"^ k ' ^ k k n k 

(i.e., F defines the = equivalence class of a ) . 

n ]j/ 

Proof (by induction on n) : If n=0 and a^ 6 S^, we can clearly take F(^) to 

be a conjunction of atomic formulas and negations of atomic formulas. The 

S, 
number of atomic formulas free in at most x^,X2,...,x, is .S (k+l)*^!. 

.r^(k+l)*'i 
So M(0,k) s2^ 

So assume the Lemma true for n (and all k) . We shall prove it for 
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B+1 (and k). Let ^{\+i) ,^2^\+l^ ' ' " 'Wn,k+l)^\+l^ ^^ ^ sequence of 
formulas of q-depth n such that for each \ . i ^ s'^"*'-'- there exists an i, 

1^ i^M(n,k+l), such that F. defines the = equivalence class of ^^^y 

-* k 
For each c, (z S define 
k 

W(c,)={i I l^i:SM(n,k+l) and Sx, , F. (c, ,x^^) is true }. We shall show 
that for all "S ,c, 6S , ?j^ r#l^k** ^^^k^"^^\^' ^'^"^ ^^^ formula F(x^) = 

(A,^=^«^^M'^ (44) "^«^^<^^-') 

^ l^i^M(n,k+l) 

defines the ^, equivalence class of c, . 

Clearly if b, s r , then W(b )=W(c, ) by definition since each 

formula Sx^ .'F.CtL ) is of q-depth n+1. To prove the converse we first 

prove the following: 

Lemma 2.1 : If W(b )=W(c, ) , then for each c, , € S there exists some bj^_^^ € S 

such that c . = b (and by symmetry, for each \ , ;l ^ S there exists 

some c^^^es such that t^^^ |\^p . 

Proof of Lemma 2.1 : Say that W(b )=W(c ) and c,^6S. Let i, 1 ^ i s M(n,k+1) , 

be such that F.(x, ,) defines the = equivalence class of c, y ^i^'^k+l^ 

is true, so Sx, ,F,(c ,x^^) is true, so i€W(c,), So i€W(b^). This 

means that 3x, , F.(b, ,x, -) is true, and therefore we can find b,_^^ such 

that F.(b, ,t). Since F. defines the = equivalence class of c, , ^ , we must 
1^ k+1 1 n k+1 

have c, , , =h. ^ ., , 
k+1 n k+1 

By Lemmas 2,1 and 1, W(b^)=W(Cj^) => b^ ^^ Cj^. Note that the ^^ 
equivalence class of c, is determined by W(c, ) which is a subset of 
{l,2,...,M(n,k+l)}. So M(n+l,k) ^ 2^^"'^"^-'"^ This and the bound on M(0,k) 
imply that 
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• i height n+1 
M(n,k) s 2 j for some constant c. D 



Remark : There are structures S such that 
2n+k 



2- ' ? height en 
M(n,k)^2 J (for some constant e) , so M(n,k) is not in 

general bounded above by an elementary recursive function. For many 

structures, however, M(n,k) grows considerably more slowly. 

Definition : Let HrlT-^N. Then § is H-bounded iff for all n,k€N and all 
^•^^k+l^ °^ q-depthsn and all a^^ ^ S^, if ax^^^F(a^,x^^^) is true in § 
then [3x^_|_^<H(n,k,^axj| |a^| h) ]F(\,\^i) is true in §. (We take 
Max to be 0. ) 

For the rest of this section, let HrlT-^N be a fixed function such 
that § is H-bounded; we will also assume that H is nondecreasing in each 
argument. H-boundedness of a structure guarantees that quantifiers ranging 
over all of S in a sentence can be replaced by quantifiers ranging over 
elements of S whose norms are bounded by a function determined by H. 
This is made precise in the following lemma. 

Lemma 3: Let n,k€N and let ^'^■y^'^2 •"\^k^^\-^ ^® ^ sentence of £ 
(Q^=V or a for each i, 1 ^ i s k) with q-depthsnfk, i.e., q-depth(F) s n. 
Let m. e N be a sequence such that m. ^ H(n+k-i,i-l, Max {ra.}) for l^i^k. 

Then ^i^^i Q2'^2 ' "^k'hc^^^'* ^® true » 

(Q^^x^ <m^)(Q2X2< m2). . . (Qj^x^< m, )F(x, ) is true. 

Proof: Consider the formula ^•f^i'^'^'i, " '^^■:^'^^ ' Because § is H-bounded, 
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if m^ ^H(n4-k-l,0,0) then Q,x. (Q x-. . .Q, x, F(x, ) ) is equivalent to 
(Q^x^<m^) (Q^x^. . ■\^^i\))- 

Now for each a€S such that ||a|| :Sm^, consider the formula 
Q_x Q X, , , ,Q X, F(a,x„,x , , , . ,x^) . Because § is H-bounded, if 
m2 ^ H(n-f-k-2, l,m-) then Q2X2(QoX„. , .Q x, F(a,x„,x„ , . . . ,x.^) ) is equivalent 
to (Q2X2<m2)(Q2X3...Q^x^F(a,X2,x^,...,x^)). Hence, 
(Q^x^<m^)Q2X2. . -Q, X, F(x, ) is equivalent to 

(Q^x^<m^) (Q2X2-'"2^V3 V4 * ' ' W^V' 

By k-2 additional applications of the H-boundedness of §, we arrive 
at Lemma 3. D 

Remark : The reason the concepts of norm and H-boundedness for § were 
introduced is because they have relevance in particular cases towards 
achieving efficient and easily described decision prodedures for the 
theories of § and the weak direct product of § with itself. Many of our 
lemmas and theorems (such as Lemma 1), however, either don't involve 
these concepts at all or have simpler versions which don't involve them. 
So even if all mention of norm or H-boundedness is ignored, this section 
implicitly contains important results about the nature of the weak direct 
product of S with itself. 

Lemma 4: Let n,k€N and let m, € w be a sequence such that 

-► k 
m^ 2:H(n+-k-i,i-l, Max. {m.} ) for l^isk. Then for each a^. € S there is 

~^ k ~¥ -^ I I I I 

some b, € S such that a, = b, and b. Sm. for l^isk, 
k k n k ' 1' ' 1 

Proof : Let n,k,m, , and a be as in the statment of the Lemma. By Lemma 2 
there is a formula F(x, ) of q-depth n which defines the = equivalence class 
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of \' Since F(a^) is true, 3x^ 3x2 . . .Sx F(0 ^® true. So by Lemma 3, 
(3x^ <m^) (3x2 <m2) . . . (3xj^^ mj^)F(x^) ^^ true. This means that for some 
bj^€S , F(^j^) is true and | |b. | | ^m. for 1 s i ^ k. D 

Lemma 5: Let n,k€N and let a, ,b, €S . If a, =, b, then for each a, ,63 
k k k n+l k k+1 

there exists some b, , - € S such that a, , , =b, , and 

K+i k+1 n k+1 

ll\+lll ^H(n,k,^axj||b.|h). 

Proof: Let a^,bj^es such that a^ ^^ t^ . Let ^^^^^S. By Lemma 2 

there is a formula F(k^^^) of q-depth n defining the = equivalence class 

of \^^. Since ax^+iF(^j^,x^^p is true and \ ^^ \, 3x^^^F(^^,Xj^^^) 

is true. Since § is H-bounded, we can choose b, ., GS such that F(^, ,) and 

k+1 k+1 

||b^^J|^H(n,k,^axj||b.|h). ButF(\^^) implies ^^^^^ = ?^^^. D 

Lemma 6: Let n.k^N and a, ,% ^ S . Then a, f^ t, » 

k k k n+1 k 

1) For each a, , €S there exists some b, ,i €S such that a , , , = '^, ,. 
K+J- k+1 k+1 n k+1 

and 2) For each b, , gS there exists some a, .^ €S such that a, , , = t, . ^ . 

i^+J- k+1 k+1 n k+1 

Proof: Immediate from Lemmas 1 and 5. D 



Lemma 7: Let n,k€N. Then there exists a formula F ,(x^,y,) with exactly 

6n quantifiers such that for all a, ,t, € S^, F , (a, ,t, ) » a, = t, . 

k' k ' n,k^ k' k^ k n k 

Proof: The Lemma is clearly true if n=0. So assume it is true for n; 

we will prove it for n+1. By Lemma 6, we can define F ,, , as follows: 

n+l,k 

^^+i^5^k+i^yk+i^^+i^'^^y ( f (^=\+i ^ y=yk+i> ^ (^^=^+1 ^ y=K+i^ i -^ 

^n.k+i^^'^'^k'^^ )• 

^n+l k '^l^^^ly has 6 more quantifiers than F -. Q 
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Definition : Define the structure § =<S ,R^ ,Si„, . . . ,R .,e >'■ 

s"={f:N-»S I f(i)7^e for only finitely many i € N] ; 

for 1^ j s^, if t e (S ) J, then f^ e^* iff 1?^ (i) €S?. for all i 6N 

(where f (i) abbreviates (f, (i) , f„(i) , , . . , f (i)) ); 
J J- z u. 

e (i)=e for all i g N. (That is, § is the weak direct product of § with 
itself.) 

For a norm on § we define, for f€S , 
||f|l=Max{ (iSN I f(i) 7^e}U[ I i f(i)| I | i€N} }. By f< m we will mean 
I I fi i Sm. 



Definition : Define the function |j,:N -»N by setting )j,(0,k)=l and 
M,(n+l,k)=M(n,k+l)'|i(n,k+l). So |j,(n,k) = .n^M(n-i,k+i) . 

-V 3 * ,1111 

Definition : Define H :N -» N by H (n,k,m)=Max{H(n,k,m) ,m + ti(n+l,k) , | | e| | } 



The major theorem of this section will be 
Theorem 1: S is H -bounded. 



Defin ition: Let A and B be sets, let n € N. Then A ~ B iff either 

n 

1) card(A)=card(B) (where card abbreviates cardinality) 
or 2) card(A)Sn and card(B)^n. 

Clearly ~ is an equivalence relation on the class of sets. 

■^ n 

We now prove a combinatorial lemma: 

Lemma 8: Let N, and N„ be sets and let n,m€N such that nT^O and N, ~ N„. 
12 1 n*m 2 

Let A-,A-,...,A be a sequence of (possibly empty) pairwise disjoint 

n 

subsets of N, such that .Ui A.. = N, . 
1 1=1 1 1 



Then there exists a sequence B^,B , ...,B of pairwise disjoint subsets 

n 

of N„ such that U-, B. =N„ and such that A. ~ B. for 1 :S i s n. 
2 1=1 1 2 1 m 1 
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Proof: If card(N^)=card(N2) then the Lemma is obvious. So assume 
card(N^) S: n«m and cardCN^) ^ n«m . For some i, 1 ^ i ^ n, we must have 
card(A^)Sni, so assume without loss of generality that card(A^)Sm. 
Define numbers p„,p„,...,p € N by 



Ccard(A.) if card(A.)<! 



-m 
Ps=j ^ ~ 1' for 2^isn. 

C.m if card (A. ) ^m 



n 



Clearly ^S^ P^^ ^ (n-l)'m. Since card(N2)^n*m , there exists a sequence 

of pairwise disjoint subsets of N„, namely B-,B_,...,B , such that 

•^ ^ J n 

card(B )=p for 2 s i ^ n. So A. ~ B. for 2 s i s n. Let B,=N„- Uo B . 
■■-1 1 m 1 12 i-2 i 

n 

card(N2)^n«m and card( JJ^ B^ ) s n'ra - m , so card(B^)^m. Since card(A^)^m, 

A. ~ B.. D 
1 m 1 

Definition : Let n,k€N and \,g. € (S*)^, Then we say 1 E g, iff 

K K k n k 

forall^^6s\ ( i ^ N | 1^(i) = ^^) ^ ~^^^ ( i ^ N | ^(i) = t^) . 

Remark : E^ is an equivalence relation on (s") , We will show that if 

k ^n \ ^^^ ^^ ^^^^ ^^^ q-depthsn, then ¥(1^) and F(g^) are either both 
true or both false in § . 

Lemma 9: For all k€N and l^,g^^s")^ , if 1^ E^g^^ and if F(l ) is a 
quantifier free formula (q-depth(F)=0) , then F(?,) is true in §'' if and 
only if F(g. ) is true in § . 

Proof: Clearly it is sufficient to prove the Lemma for the case where F 
is atomic. So say that f^^ E^ g^^ and F(x^) is an atomic formula. By 
symmetry, it is sufficient to show that F(f.) false in § "^FCg ) false in §'', 
So assume that F(f, ) is false in § . By definition of the relations 



N 



D 
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of §' we can choose i„ € N such that F(£, (i„)) is false in S. Since 

k 

^k^ov (i€N|i^(i) e W) .(o-k) fi^H4(i) e Vv^ 

Since n(0,k)=l, we have card({i € N | §1^.(1) g ^k^^O^^ ) ^'^- So let i^ € 

be such that g, (i^) ^ f (i ). By definition of ^ , 

Fcl^Cip)) false in § => F(gj^(i^)) false in §. So F(gj^) is false in §" 

Lemma 10 : Let n,k€N and ? ,g € (s") such that ? E .. g, . Then 

for each f, ,, €S there exists some g, ,1 €S such that 
k+1 k+1 

^) \+i \ 4+1 

and 2) ||gj^_^J| ^H*(n,k,^Maxj||g.||}). 

Proof :Let ?, ,g, 6 (s' ) be such that % E , , g, . Let m= Max^ ( I |g. I h ^nd 

K K K m-i K l^i^k 1 

let fj^+^^SS*. Let ^k+l'^k+2'**"'^k+l'^^^^ ^^ ^ sequence of representa- 

k+1 
tives of all the = equivalence classes on S . Our goal is to find 

■k 

g , €S such that if 1 s j £M(n,k+l) , then 

{i€N|\^,(i) =^J^,] ^^^^^^^^ (i€N I 4^,(i) .Jl^]; we also want 

I I g, , 1 I I ^H (n,k,m). Instead of defining g, , simultaneously on all of N, 

we will define it separately on various pieces of N. 

For each a € S define N^(a )={ i € N | ?, (i) ^i\] and 
N^(a )={i€N| g, (i) ^-i \] • We claim it is sufficient to define gi^.j^ 



on each N„(a, ) such that 
2 k 



I) [ieN,(^^) I 4^,(i) = ^^^,} ^(^3^^,) CieN^c^^) I 4^,(i) = bj^^] 

for all j. Is j ^M(n,k+1). 

II) If i€N2(a,) and i >m + [j,(iH-l,k) , then g, -|^(i)=e. 
and III) If i€N2(a,) and i 5 m + ^(n+l,k) , then | | g^_^^(i) | | ^ H(n,k,m) . 

An examination of the definitions of H and the norm on S will show 
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that II) and III) together imply | | gj^_^^| | :S H''(n,k,m) . Since 

{N^(a^) I a^es } and {N2(aj^) | a^^ £ S } are each a collection of disjoint sets, 

it is easy to see from I) and the definition of , 'v , , ^ that if 

|j,(n,k+l) 

1^ j sM(n,k+l) then 

i.e.. (ieN|t^^^(i) jSJ^^) ^^^^^^^ Cl€H|4^j(l) ;«J^j). 

-► k 

So now let a 6S be fixed for the rest of this proof. Abbreviate 

N^^CSj^) by N^ and ^2^\) by N2. Begin by defining g ^^(i)=e if i € N2 and 

i>m + tj,(n-t-l,k) ; this guarentees II) above. It remains to define g , 

on N2={i € N2 I i^m + n,(nH-l,k)} . 

The definition of E_,., implies that N-, . ~t , . N„. We wish however 

n+i 1 |i(n+l,k) 2 

to demonstrate that N, , ~, ,, N„ : If a_ ^., (e,e,...,el, then N, is an 

1 |i,(n+l,k) J k nfl Kr-^-~j^ — v-^ 1 

length K 

infinite set, and cardCN^) ^^ |j,(n+l,k) since g (i) = (e,e,_ ^. . ,ej , for 



-> 



m<i^m + (i,(n+l,k); if a^^ ^^ ^Ji^^JLU^ ' 

length k 



"Te^iitFir 



So 



then N2=N2 (since i >m + |j, (nf l,k) =» \(^)=iej_ey_^_j^_^ => i ^ N2) 

length k 

^1 n(n+i,k) ^3- 

Define, for 1 ^ j s M(n,k+1) , A.={ i € % | ?^^;,^(i) =^^+1}. 
A^,A , ...,A^ k+l") ^°^^ ^ sequence of pairwise disjoint sets whose union 
is N^. Since N^ m(i^ y^) ^3 and n,(nfl,k)=M(n,k+l) '(iCn.k+l) , Lemma 8 
tells us there exists a sequence B^,B2,...,B , ^ of pairwise disjoint 

subsets of N„ whose union is N„ such that A. , ~,,. B. if 1 ^ i ^ M(n,k+1) - 
3 3 J |j,(n,k+l) J J V , / 

Now let iGN^; we want to define g, .. on i. Let j be such that 
i € B . Since B ^^0, A. ^^0. So let Iq G A. . Since i € N, and i € N2, we 
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have fj^Cig) ^^ \ ^i ^k^'^^' ^^ Lemma 5 we can define gt^.iCi) such 

that \+l(io> I 4+l(i> ^"^ 

l|gk+l(i)|l ^H(n,k,Max(||g^(i)||,||g2(i)||,...,||g^(i)||})^H(n,k,m). 

Clearly III) above holds. Since i-€A., ?, ,i(i„) s "S,^ So 

J k+1 n k+l 

4+i^^> 1 ^k+r 

We have 

(^^^3 1 4+i(^) B ^U=^i ,(nrk+i) ^=f^^Ni I \+i(i) 1 ^i+1^ f- 

1^ j ^M(n,k+1), To complete the proof of Lemma 10 we must show I), 
i.e., {iENj^^^d) =?J^^] ^(^3,+!) A. when 1 ^ j ^ M(n,k+1) . 
So fix j, 1^ j ^M(n,k+1). If 

{i6N2 I ^k+l^^^ n \+l^ " (i^Ng I S^+iCi) | ^k+l^ ^® ^'^^ done, so assume 

{i € N2 I 4^,(i) = ^J^,] 7^ {i € N3 I 4^,(i) = ?J^^] . Since 

N2={i€N2 I i ^m + |j,(ttfl,k)} , there must exist some i > m + |j,(n+l,k) such 

that i€N2 (hence g^(i) ^^ a^^) and ty^^i^T-) = "^l+i- But since i >m + M,(nH-l,k) 

implies g, , (i)=(e,e, . . . ,e) , this means that a, =- (e,e,...,e) and 

"^k+l 1 (fiSi:.^^Cj3) • ^^^'^^ ' ^°^^ ^-5 ^"^ {i€N„ 1 1 ,,(i) = ^j,,] 
■^^ "" YilifiTE+l J 2 k+l n k+lJ 

are infinite, so { i € N„ I g, ..(i) = '^?_li] / 'Y_,in A.. D 

Lemma 11 : Let fj^'^k^ ^^ ^ ^"^ ■'"^'^ ^^^^ ^^ ^ formula of q-depth^n. 
If 1^ E^ g^, then F(fj^) is true in § «• F(gj^) is true in § . 

Proof (by induction on n) : If n=0 then Lemma 11 follows from Lemma 9. 
So assume Lemma 11 true for n (and all k) ; we will prove it for n+1, 

-+ -» * k -* -* 

Let f,,g, 6(S ) such that f E ^ g . By Lemma 10 (1), we have 
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a) For each f^ , ^^ ^ S there exists some g^_|_^ € S such that £^_^^ E^ ^k+V 
and b) For each g, ^ € S there exists some fj^^^ ^ ^ ^^^^ ^^^^ k+1 ^n ^k+1' 
By the induction hypothesis, ?j^_^^ E^ g^_^^ implies that f^^^^ and g^^^ satisfy the 
same depth n formulas in S , We can therefore prove, exactly as in Lemma 1, 
that a) and b) together imply that f, and g^ satisfy the same depth n+l 
formulas. D 

Theorem ±: & is H -bounded. 

Proof: Let ^('^^{) be a formula of q-depth^n and let \^ (5 ) be such 
that 3x^+iF(^^,x^_|_^) is true in §*. Let f ^ € s'' be such that 7(t, ^) 
is true. Since f, E ^ f Lemma 10 implies that for some f ' , € s'', 

\+l \ ^\' ^k+1^ ^"^^ I I ^k+l' I ^ H*("'k' ^f^i^f I I f^l I } ) • It is sufficient 
now to show that F(f, ,f' ,) is true. But this is obvious from Lemma 11, 
since FC^j^^^^) is true and 't^_^^ ^n^^k'^k+1^ ^""^ q-depth(F) ^ n. H 

Remarks: The complexity of § is related to the complexities of M(n,k) 
and § as follows: 

Theorem 2_: If the theory of § is elementary recursive and M(n,k) is 
bounded above by an elementary recursive function, then the theory of 
§ is elementary recursive. 

Theorem 2 follows either from a generalization of the results of 
this section or from a careful examination of Mostowski's decision 
procedure for § [9] ; a proof will not be given here. It is interest- 
ing to note that in all cases we know of where the theory of § is 
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proven to be elementary recursive, the proof essentially consists of 

giving an Ehrenfeucht game [3 ] decision procedure, which in turn shows 

that M(n,k) is elementary recursive. This suggests the following 

conjecture. 

Conjecture 1: If the theory of § is elementary recursive, then M(n,k.) 

is bounded above by an elementary recursive function. 

The converses of both Theorem 2 and Conjecture 1 are false, as we 
will now indicate by an example. Let our language £ consist of two 
relations, ^1=^0 ^"^d x^ «iX. (x^ equivalent to x„), and the constant 
symbol 0. For every nonempty set A of integers greater than 1, let ^ 
be an equivalence relation on N such that for every integer i 

1) If i6A then there is exactly one ^ equivalence class of size i. 
and 2) If i^A then there are no ^ equivalence classes of size i. 

Define the structure §.=< N, = ,i^,0 > . 

Since for any integer i we can say in Z that there exists an 
equivalence class of size i, by varying A we can make the theory of 
§. arbitrarily hard to decide or arbitrarily nonrecursive. But it is 
easy to see that S. is merely an infinite collection of infinite 
equivalence classes and hence has a simple theory; in fact, the theory 

•k 

of § can be decided in polynomial space. So the converse of Theorem 2 
is false. 

Now let A be a fixed set of positive integers and consider M(n,k) 
for §. ; we will show that (no matter what A is) M(n,k) is bounded above 
by an elementary recursive function, contradicting the converse of 
Conjecture 1. 
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-* -> Jk -> -> 
For each a ,b £ JT define a, R b, iff for all i.j such that 
k K k n k '-^ 

lsi,j sk, 

I) a. f« » b. o^ 0, and a.=0 « b.=0. 

1 A 1 A 1 1 

II)a.saa. » b. apb., and a.=a. « b.=b . 

and III){a6N I a Of, a.} ~ {b€N I b «f^ b.], 

-> -► ~^ -> 
It is not difficult to show that a, R b, => a, s b, . Since the 

k n k k n k 

number of R equivalence classes on ISr is bounded above by an elementary 
recursive function (of n and k), so is M(n,k) for § . 

Remark : Although we have onlydealt here with the weak direct product 
of § with itself, a similar development can be carried out for the 
strong direct product of § with itself. 
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Section 3^: Some Applications 

Let S,-, be the language of the first order predicate calculus with 
the predicates x, ^ x„ and x,+x„=x_, and the constant symbol 0. Let 
Z be the set of integers and let I be the structure < Z,:£,+,0>. Let 
Z ={f:N->Z I f(i)7^0 for only finitely many i 6 N} and let I be the 
structure < Z ,^,+,0 > where ^ and + are defined component -wise and 

is the identically function. For a £ Z let the norm of a 

be |a|, the absolute value of a. For f GZ let the norm of f, written 

1 I f I I , be Max{ ( | f (i) | | i € N} U { i € N [ f (i) 7^ 0} } as in section 2. By 
a<m and f^m we will mean |a| Sm and j |f| | ^m, respectively. 

-» k 

Lemma 12 : There is a constant c such that for all n,k6N and all a, € Z 

and all formulas F(x, , ) of S,^ with no more than n quantifiers, if 
[Jx, HF(a , X, -,) is true in I, then 

,c(nfk) 

^^\+l- (1+ Max {|a^h)'2 ^^(^k»^+l^ ^^ ^^^^ ^" ■'■• 
Isisk 

Proof : See Ferrante and Rackoff [4] . D 

Lemma 13: There is a constant c such that I is H-bounded where 

2CQ(n+k) 

H(n,k,m) = (l+m).2^ 

-+ k -► 

Proof : Let n,kGN and a, g Z and F(3c, ,) be a formula of £, such that 

ax, ,F(a ,x.^) is true in I and q-depth(F) ^ n. Let m= Max {|a.|}. 

By Lemma 7, let F v.i 1 (x, , -i ,y, , 1 ) be a formula with exactly 6n 

k+1 -* 
quantifiers which defines the relation = on Z . Let G(x, ,x) be the 

formula Vx^^+i^x^+iCF^^k+l^^'^+l'^'^+l) ^ -^^^+1^^)- 
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Clearly G has 6n+2 quantifiers and 3xG(a x) is true (in I). By 

I such that G(a, ,a) 
k 

2c(6n+2+k) 



Lemma 12 we can find a6Z such that G(a, ,a) is true and 

k 



a| <. (l+m)«2^ 



Now let \^3^ez be such that FCa^^^) is true. Since G(a a) is 



-> 



true, we can find a^_^^ € Z such tba t a^^^^^ = <^\'^k+l) ^"^ 

,c(6n+2+k) „Co(n+k) 

III 2 2 

l^v+ll ^ (l+m)'2 <(l+m)«2 for some constant c 

o 

(unless n=k=0, a trivial case). Since YiX^^^ holds and q-depth(F) ^ n, 
^^\'^k+l^ holds and the Lemma is proved. D 

Theorem 2: For some constant c^, the theory of I can be decided in 

c^n 
2 1 
space 2 (as a function of the length of sentences). 

Proof: Let F be a sentence of £^ which in prenex normal form is 
Q^x^Q^x^... QjjXjjG(x^) where G is quantifier free. Let 

2^o^i 
2 
™i=2 for IsiSn. Applying Lemma 3 to I, we see that since 

m^SH(n-i,i-l,^ax__^{|m I]) for 1 ^ i s n, F is equivalent to 

(Q.x <m ) (Q x < m ) . . . (Q X < m ) G(x ) . 
■'-•'- J- -i^ I nn nn 

F can be decided in I by setting aside for quantifier Q., 
2Con+i ^I'^o'^^ 

2 +2 tape squares; every integer s2 in absolute value 



can be written in this space in binary. Then decide F by cycling 
through each quantifier space appropriately, all the time testing the 
truth of G on different n-tuples of integers. We let the reader convince 
himself that a Turing machine implementing this outlined procedure need 
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2 ■'■ 
use only 2 tape squares for some constant c,. ■ 

C2(n+k) 

* 2 

Lemma 14 : For some constant c^, I is (l + m)«2 -bounded. 

Proof : We first calculate bounds for the function M(n,k). Letting 

pCo(n+k)+i 

2 I I 

m.=2 for l:2i£k, we see that m. ^ H(n+k-i, i-1. Max f m. ] ) for 

-» k 

l<isk. So by lemma 4, for each a^ S Z there is some 

~^ k -f -> t i 

b, € Z such that a, = b, and b. 5m. for l<i5k. Hence 
k k n k ' i' 1 

2Co(nfk)+k 2''3*^'^^^ 

M(n,k)5(2'2^ +1)'^. So M,(n,k)= n M(n-i,k+i) £ 2^ 

i=l 

for some constant c„. 

So for some constant c„, H (n,k,m)=Max(H(n,k,m) ,m + (i,(n+l,k) ,0} £ 

c^Cn+k) c (rrfk) 

2 * 2 

(l-hn)'2 . By Theorem 1, I is (l+m)«2 -bounded. D 

en 
Theorem 4: The theory of I can be decided in space 2 for some 

constant c, . 
4 

Proof : Let F in prenex normal form be the sentence 

Q^x- Q.x„ ...Q X G(x ) where G is quantifier free. Using the notion of 
L L z Z n n n 

i relevant to Z we see, exactly as in Theorem 3, that F is equivalent 

in I to 

c„nfl c„irf2 ^c„n+n 

2 2 2 2 o2 2 

(Q^x^<22 )iq^x^<2^ )...(Q^x^<2 )G(x^). 

c TH-i 0^2^^^ 

-V 2 2 

Now if f€Z and fl2 , then f(j)=0 for j>2 and 
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c rH-i C2nfi 

9 2 

|f(j)| £2 for all j € N, so the first 2 successive values 

of f can be represented on a tape with roughly 

„c n+i 
C2iri-i 2 2 

(2 +2) '2 tape squares. So a procedure like the one out- 

c, n 

2 ^ 

'- 9 

lined in Theorem 3 would decide the theory of I ' in space 2 for some 
constant c, . ■ 

Definition : Let Z^," be the structure <N ,s:,+,0 >, i.e., the weak 

direct product of the nonnegative integers with itself. 

c^n 
2 5 
i< 2 

Theorem 5: The theory of /]^ can be decided in space 2 for some 

constant c^. 

Proof : There exists an obvious procedure which operates in linear space 
and takes a sentence F to a sentence F' such that F is true in /], if and 
only if F' is true in l' . So Theorem 4 implies Theorem 5. ■ 

Our next goal is to efficiently embed the theory of finitely 
generated abelian groups into the theory of I . Recall that a finitely 
generated abelian group (henceforth abbreviated FGAG) can be thought 
of as a finite direct product of groups, each of which is either Z or a 
finite cyclic group [6] . Let Z. denote the cyclic group {0, 1, . . . ,i-l] 
where addition is performed mod i. The basic idea of the embedding is 
to think of every nonzero f€Z as representing a FGAG, G^. This is 
made precise in the following definition. 
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Definition : Let f6Z , f 7^ . Define ji =card(i6N| f(i)7^0}. Define 
m :{1,2, . . . ,j6 } -»N by m (j)=the j smallest member of {i € N | f (i) ^Q] 
for \<.]<.JL . Define the PGAG G =0^ x G„ x • • • X G where 

r f i <i ibr 

Z if f(m (j))<0 
G.= 5, for Is j ^JL^. 

Clearly every FGAG is isomorphic to G^, for some fgZ , f 7^ . 

Definition : Let f ,g € Z , ifO , such that for all i6N 

a)f(i)=0 ^ g(i)=0 
and b)f(i) >0 => Osg(i) <f(i). 

Then we say that g^ represents a member of G^. In particular, g 
represents <g(m (1) ) ,g(m (2)) , . . . ,g(m (;i ) ) > which can be verified to 
be a member of G^. Clearly every member of G is represented by a 
unique g € Z . 



We now informally define some formulas of <£, to be interpreted over 

I . 

1) ONE(x). ONE(f) will mean that for some i € N, f(i)=l and for every 
JT^i, f(j)=0. Define ONE(x) as follows: 

x^O A Xt^O a Vx'( (0£x' a x' £ x) -+ (x'=0 V x'=x) ). 

2) NP0Z(x^,X2). NPOZCf^.f^) will mean ONE(f^) and 
f (i)=l => f (i)sO. Define NPOZ(x ,x ) as follows: 
ONE(x^) A Sx^Cx^^O A x^+x^O Ar^{yi^<.^^+yi^) ). 

3) ZER0(x^,X2). ZEROCf^jf^) will mean ONE(f^) and f,(i)=l ^ f (i)=0. 
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Define ZERO(x-,x„) as follows: 
NP0Z(x^,X2) A NP0Z(x^,-X2). 

4) PICK(x^,X2,X2). PICKCf^.f^.fg) will mean ONE (f^), and 

fj^(i)=0 =* f2(i)=0, and f (i) = l =* f2(i)=f3(i). Define PICK(x^,X2,X2) 

as follows: 

ZER0(x^,x^-X2) A Vx( (ONE(x) A x 7^ x^) -> ZER0(x,X2) ). 

5) MEM(x^,X2). MEM(f^,f2) will mean f^T^O" and f represents a member 

of G- . Define MEM(x-,x„) as follows: 
^1 12 

x^T^O A VxVxj^Vx'C (PICK(x,x^,x^) A PICK(x,x^,X2) ) -► 

((x^=0 -» x'=0) A [(xpO A x^^O) -► (O^x^sx^ A x^t^x^]) ). 

6) PLUS(x^,X2,X2,x^). PLUS(f^,f2,f3,f^) will mean f ^ 7^ 0* and f2.f3.f4 
represent members of G and the member represented by f, is the sum in 
G^ of the members represented by f2 and f . Define PLUS(x ,x ,x ,x ) 
as follows: 

MEM(x^,X2) A MEM(x^,x^) A MEM(x^,x^) A Vx Vx^ Vx^ Vx ' Vx ' ( 
[PICK(x,x^,x^) A PICK(x,x^,X2) A PICK(x,x^,x^) A PICK(x,x' x ) ] -► 
[x^+x^=x^ V (x^^O A x' +x^ -x]^=x^)] ). 



Theorem 6: The first order theory of FGAG can be decided in space 

pCn 
I for some constant c. 



Proof: Using the formulas MEM and PLUS and the fact that f € z' represents 
a FGAG if and only if f^O , we obtain a procedure which operates in 
linear space and which takes a sentence F of the language of groups 



-26- 



to a sentence F' of £- such that F is true of all FGAG if and only if 
F' is true in l". Applying Theorem 4, we arrive at Theorem 6. ffi 



Theorem 1_\ The first order theory of finite abelian groups (abbreviated 

FAG) can be decided in space 

pcn 

2 
2 for some constant c. 



Proof : Recall that a FAG can be thought of as a finite direct product 
of cyclic groups [6] . Hence, using MEM and PLUS we can do exactly the 
same embedding as in Theorem 6 except that now f 6Z represents a FAG 
if and only if f^^O'' and f ^ O". ■ 
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